ABSTRACT. We study the harmonic space of line bundle valued forms over a covering manifold with a discrete group action , and obtain an asymptotic estimate for thedimension of the harmonic space with respect to the tensor times in the holomorphic line bundle Ä ª and the type´Ò Õµ of the differential form, when Ä is semipositive. In particular, we estimate the -dimension of the corresponding reduced Ä ¾ -Dolbeault cohomology group. Essentially, we obtain a local estimate of the pointwise norm of harmonic forms with valued in semipositive line bundles over Hermitian manifolds.
INTRODUCTION
The purpose of this paper is to study the growth of the von Neumann dimension of the space of harmonic forms with values in powers of an invariant semipositive line bundle over a Galois covering of a compact Hermitian manifold. The main technical tool will be an estimate of the Bergman kernel on a compact set of a Hermitian manifold, which generalizes a result of Berndtsson [3] for compact manifolds. Let´ µ be a Hermitian (paracompact) manifold of dimension Ò and´Ä Ä µ and µ be Hermitian holomorphic line bundles over . For ¾ N we form the Hermitian line bundles Ä Ä ª and Ä ª , the latter endowed with the metric ´ Ä µ ª ª .
To the metrics , Ä and we associate the Kodaira Laplace operator acting on
forms with values in Ä ª and also Ä ¾ spaces of forms with values in Ä ª , and has a (Gaffney) self-adjoint extension in the space of Ä ¾ -forms, denoted by the same symbol.
The space H Ô Õ´ Ä ª µ of harmonic Ä ª -valued´Ô Õµ-forms is defined as the kernel of (the self-adjoint extension of) acting on the Ä ¾ space of´Ô Õµ-forms.
In this paper we mainly work with´Ò Õµ-forms. Since H Ò Õ´ Ä ª µ is separable, let The first main result of this paper is a uniform estimate of the Bergman density function for semipositive line bundles in a neighborhood of a compact subset of a Hermitian manifold. 
The same estimate also holds for the reduced Ä ¾ -Dolbeault cohomology groups,
For a compact manifold , the growth of the dimension of the Dolbeault cohomology Assume now that´Ä Ä µ is semipositive. The solution of the Grauert-Riemenschneider conjecture by Demailly [9] and Siu [17] shows that Ñ À ¼ Õ´ Ä ª µ Ó´ Ò µ as ½ for Õ ½. This can be used to show that is a Moishezon manifold, if´Ä Ä µ is moreover positive at at least one point. Berndtsson [3] showed that we have actually 
is a positive, self-adjoint extension of Kodaira Laplacian, called the Gaffney extension.
Definition 2.1. The space of harmonic forms H Ô Õ´ µ is defined by
where Î ℄ denotes the closure of the space Î .
According to the general regularity theorem of elliptic operators (also cf. [ 
Then this lemma says that: There exists a constant , which is independent of the point The quadratic part of is denoted by 
